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1. Optimized filtering of particles in the velocity space. Implementation
and tests in gyrokinetic Particle In Cell Codes

The aim here was on the one hand to reduce the needed resolution in a gyrokinetic
code by using a reduced description by a fluid code in regions of the physical space where
this is possible and on the other hand to reduce the noise in PIC codes by using noiseless
fluid data as a control variate. However it proved to be quite difficult in the core of
the Tokamak that is for the moment the only part simulated by our gyrokinetic codes
to improve on a control variate given by the initial Maxwellian to which the distribution
function remains quite close within the whole simulation. We thus left this issue for more
academic situations shown in the next section. This will be more useful in production
codes when those will be extended towards the edge of the plasma and the scrape-off
layer.

Instead, we developed a mixed variable formulation of electromagnetic gyrokinetics
that was able in general electromagnetic simulations in the core of the Tokamak plasma
as well to reduce the noise in PIC codes as well as to use larger time steps and elimi-
nate the cancellation problem that has plagued electromagnetic PIC simulations for many
years. This has been implemented in the PIC codes GYGLES and ORB5 and will also be
implemented in the future electromagnetic version of GYSELA.

The idea was first developed in [6], 5] for problems close to the MHD limit, with the
idea to decompose the parallel vector potential A into a part that compensates exactly
the contribution from the parallel gradient of the scalar potential, and is calculated from
it and the rest. This enabled the term causing the cancellation problem in the equation
for A, to remain small and so avoid the cancellation problem close to the MHD limit.

Within the EoCoE project, we could extend this idea to the general case, by setting
back the decomposition at each time step, so that the term causing the cancellation remains
small in all cases during the simulation as it restarts from 0 at each time step. This can
be interpreted as an integrating factor method. This was developed in the papers [3, 4].
Another paper in preparation [9], is developing the theoretical framework for this new
model. On the other hand a hamiltonian framework compatible with the implementation
of the codes has been developed for verification purposes [10} 11].

2. Coupling of reduced kinetic and fluid codes within the SELALIB frame-
work

The coupling between solvers for reduced kinetic equations and fluid solvers has been
addressed in three separate topics:

1. Heterogeneous multiscale methods: heat flux computation in a dynamical plasma
background

2. Energetic particle effects on cold electrons: finite element based PIC code coupled
to cold plasma model

3. Kinetic-MHD hybrid modeling: energy-conserving current-coupling
schemes

Methodologies and results for the respective topic are presented in the following
subsections. In the first topic, heterogeneous multiscale methods (HMM), we studied the
coupling between the Vlasov-Poisson system and the corresponding moment equations
for mass, momentum and energy. This is a prototypical system for developing HMM
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algorithms, where different model equations and different numerical methods are used
for different problem scales. We developed a self-consistent scheme for a finite difference
based PIC solver for the Vlasov-Poisson system coupled to a high-order, essentially non-
oscillatory (ENO) finite volume scheme for the moment equations. The obtained results
are a first building block towards HMM algorithms designed for an efficient study of plasma
kinetic turbulence in a self-consistent, dynamical background.

With regard to the second topic, energetic particles (EPs), we were interested in a
particular kinetic-fluid hybrid model for high-frequency phenomena, i.e. for frequencies
higher than the ion plasma frequency. The model describes a cold population of bulk
electrons in terms of a linearized momentum conservation law and assumes a static ion
background. The total plasma current is composed of the bulk electron current and a
"hot” portion coming from EPs, which are described by a Vlasov equation. The current
coupling takes effect as a source in Ampere’s law, which is solved alongside Faraday’s law
for the magnetic field evolution. A spline based finite element code has been developed
for this system, coupled to a PIC solver for the Vlasov equation describing the EPs. The
new hybrid code has been verified by means of one-dimensional (1D) test problems with
particular attention to the growth and ensuing saturation of unstable modes.

In the third topic, kinetic-MHD hybrid modeling, our goal was to develop a hybrid
code that enables the simulation of EP effects on MHD (magneto-hydro-dynamic) stabil-
ity. The code should allow for the study of non-linear saturation and long-time dynamics
of such a system. Therefore, our focus was on the exact conservation of dynamical invari-
ants, in particular the total energy. The first step was to establish an energy-conserving
framework for model reduction, which allows for the consistent derivation of a reduced
kinetic-MHD hybrid model from first principles. On the kinetic level, we developed the
technique of ”variational averaging” (VA), which is a simplified version of the well-known
Lie-transform approach. In case of a non-uniform, time-dependent background magnetic
field, VA allowed us to derive a drift-kinetic equation that is consistent with the ordering
assumptions for MHD equations. Moreover, we developed a new current coupling scheme
for the drift-kinetic-MHD system which satisfies an exact energy theorem. In order to sus-
tain exact energy conservation on the discrete level, the discretisation of the new current
coupling scheme with techniques from finite element exterior calculus (FEEC) is ongo-
ing. Code verification is based on the system’s dispersion relation, which has been solved
numerically.

2.1 Heterogeneous multiscale methods: heat flux computation in PIC codes

As a first step towards heterogeneous multiscale methods (HMM) for plasma kinetic
turbulence, we studied the Vlasov-Poisson system coupled to its moment equations for
mass, momentum and energy. In future HMM, the moment equations can play the role
of the macro scale model, solved on a coarse mesh, wheres the Vlasov-Poisson system
plays the role of the micro model providing the closure relations. At the center of this
work was the accurate and efficient computation of the heat flux from Lagrangian marker
distributions. We developed high-order schemes for the kinetic-fluid hybrid system in one
spatial dimension (1D1V), where the kinetic part is solved with a particle-in-cell (PIC)
Monte-Carlo method, while the fluid part is solved with a high-order, essentially-non-
oscillatory (ENO) finite volume scheme. The fluid moments were used to construct a
control variate for the Monte-Carlo integration of the heat flux. This lead to considerable
variance reduction in case that the distribution function is not too far from a Maxwellian
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distribution (Gaussian in velocity). In this way, we were able to describe kinetic plasma
perturbations (§f-method) in a self-consistent, dynamical background computed from the
moment equations.
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Figure 1: Coupling strategy for the kinetic-fluid Vlasov-Poisson hybrid scheme: ¢" denotes the heat flux,
E™ stands for the electric field and n™, ™ and T™ are the fluid variables density, velocity and temperature,
respectively, after n time steps.

The velocity moments of the Vlasov equation lead to the Euler equations in conser-
vative form, augmented by an acceleration due to the electric field and by the heat flux.
For the Euler equations we implemented finite volume methods with different order ENO
reconstruction from the cell averages: zeroth order (Rusanov), first order (MUSCL) and
up to fourth order polynomials. Runge-Kutta methods of corresponding order were used
for time stepping. As the particle pusher in the PIC code we used the symplectic Verlet
scheme. The control variate was constructed from the local Maxwellian defined by the
solution of the moment equations. Due to the finite volume discretisation, the heat flux
was needed at the cell interfaces, which were thus chosen as the space grid for the Poisson
solver and for particle smoothing in the PIC code. The smoothing and the computation
of the electric field at the marker positions was done with third order B-splines. One of
the kinetic-fluid coupling strategies investigated in this work is illustrated in Fig. [ It
involves the following steps:

1. The Fluid solver passes the current instances of the density n" (n as a superscript
denotes the nth time step), the velocity «™ and the temperature 7" to the PIC
solver. The PIC solver uses this information to construct a control variate from
the local Maxwellian defined by these fluid variables.

2. Using the control variate, the PIC solver performs an efficient computation of the
heat flux ¢" at the cell interfaces from the current marker positions in phase space.

3. The heat flux ¢" and the electric field E" (from the Poisson solver) are passed to
the fluid solver, which is then run to update the fluid variables.

4. The new density n"*! is passed to the Poisson solver for the computation of the
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new electric field E"*!', which is then used to push the particles.

In practice this algorithm is implemented in combination with the Verlet scheme
for particle pushing. It is thus more complicated because of the multiple steps in the
Verlet scheme, but the concept remains the same. The different components of the hybrid
code have been verified systematically in the linear regime. Fourth order convergence has
been achieved for the fluid solver. The PIC solver with dynamical control variate was
verified for Landau damping, two-stream and bump-on-tail initial instabilities. Heat flux
computations with reduced variance due to the dynamical control variate were successful.
However, further work is needed to improve the control variate in the non-linear phase.

Methodology and results can be found in [I].

2.2 Energetic particle effects on cold electrons

In this work we considered the coupling between a fluid model for cold electrons and
the electromagnetic Vlasov equation for energetic particles (EPs). The coupling was via
Ampere’s law, where the total current density is the sum of fluid and EP contributions.
This is called a current coupling scheme. In the high-frequency regime, i.e. with mode
frequencies much larger than the ion plasma frequency, EPs can drive unstable modes and
thus lead to non-linear physics evolving on long time scales. We computed the dispersion
relation of the hybrid scheme for the case of a homogeneous equilibrium with uniform
magnetic background. The dispersion relation was solved numerically with a Newton
method. We obtained the classical result for cold electrons, augmented by a correction
term due to the EPs, which features non-zero imaginary part (damped and growing modes).
It was found that instabilities occur only for anisotropic (in temperature) Maxwellians.

As a next step we developed a kinetic-fluid hybrid scheme based on third order
B-spline finite elements for the Maxwell equations and based on a particle-in-cell (PIC)
solver for the Vlasov part. Variations in one space dimension (1D) were considered, which
corresponds to modes that propagate along the background magnetic field. The linearized
momentum equation for the bulk current density could be solved analytically. For time
stepping in Maxwell’s equations we used an implicit Crank-Nicolson scheme. The PIC
solver was implemented with a control variate method for variance reduction in order to
compute the EP current efficiently. A Boris scheme was used to push the particles.
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Figure 2: Verification test for the current coupling hybrid scheme: mode growth and saturation (left panel)
and mode frequency (right panel). B, stands for the z-component of the magnetic field perturbation and
Qce denotes the electron cyclotron frequency.
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The new scheme was verified in the linear regime by means of the previously solved
dispersion relation. The growing modes (instabilities) have been studied in particular.
Fig. 2| displays the typical results from a verification test. The normalized quadratic
magnetic field in z-direction is considered. The left panel shows a comparison between
the simulated growth (and saturation) of the mode and the growth rate computed from
the dispersion relation. The left panel depicts the mode spectrum, where the maximum
coincides well with the analytical value.

The test cases considered thus far did not feature longitudinal magnetic waves, hence
VvV -B = 0 was satisfied automatically. In order to treat also longitudinal perturbations, the
implementation of Maxwell’s equations based on finite element spaces of the de Rham
complex is ongoing. This should guarantee improved long time stability for non-linear
simulations.

Methodology and results are currently being compounded in [2].

2.3 Kinetic-MHD hybrid modeling

This work was concerned with the derivation and implementation of an energy con-
serving drift-kinetic-MHD hybrid model, adapted to physical scenarios in strongly magne-
tized fusion plasmas. To guarantee consistency, our goal was to derive the reduced kinetic
and MHD models in one unified framework. This is in contrast to usual approaches, where
existing drift-kinetic equations have been coupled to the standard MHD equations in ad-
hoc fashion. We adopted the current coupling approach, in which the charge density and
the current density, composed of bulk (MHD) and energetic (drift-kinetic) contributions,
account for the coupling. The starting equations were the two-fluid Braginskii equations
for the bulk and the six-dimensional (3D3V) Vlasov equation for the energetic particles
(EPs), coupled via Maxwell’s equations for the electromagnetic fields. A common set of
ordering assumptions was imposed on both systems and the model reduction was then
carried out in a consistent way via truncation at the appropriate order of approximation.
The total energy of the reduced systems was conserved in our approach. A novel, extended
drift-kinetic-MHD current coupling scheme could be derived, which is suited for tokamak
and stellarator plasmas. We present some details of our method in the subsequent para-
graphs. The derived hybrid model was then used as the basis for an energy-conserving
numerical scheme based on finite element (for MHD) and particle-in-cell (for drift-kinetics)
methods. The implementation of this scheme is still ongoing.

With regard to the reduction of the 3D3V Vlasov equation to the 3D1V drift-kinetic
equation, we developed a new method called ”variational averaging” (VA). In contrast to
the usual approaches, this method does not rely on Lie-transforms and is simpler form a
mathematical point of view. VA enables the model reduction in non-homogeneous, time
dependent magnetic backgrounds, which makes it particularly suitable for the coupling
to MHD. Moreover, it preserves the Hamiltonian structure of the particle dynamics, thus
yielding energy conservation automatically. We developed the mathematical theory of
VA by proving the existence of the coordinate transformation leading to the dimensional
reduction and by computing an error estimate for the reduced dynamics. The methodology
of VA was then applied in the derivation of the new drift-kinetic-MHD hybrid scheme.

For the fluid part we followed the conventional reduction from the two-fluid Braginskii-
Maxwell equations to the MHD equations, albeit under slightly different ordering assump-
tions. In particular, the current density need not be small in our model. This led to the
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derivation of ”extended” MHD equations, featuring both the electron and the ion pressure
rather than just one total pressure. Moreover, compared to standard MHD, the electric
field has additional terms stemming from the ion inertia, which need to be kept for energy
conservation. The coupling to the kinetic model was incorporated in the MHD derivation,
such that we were able to prove energy conservation of the hybrid model at different orders
of truncation. We computed the dispersion relations for the new hybrid models in order
to identify the unstable modes originating from the EPs. These modes will be used for
our scheme’s verification in the future.

Methodology and results can be found or are currently being compounded in [7} [§].
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